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Abstract 

Shift Harnack and integration by part formula are establish for semilinear spde with 
delay and a class of stochastic semilinear evolution equation which cover the hyperdissipative 
Naiver-Stokes/Burges equation. 



Recently, using a new coupling argument, the author in |TT] provide a new type Harnack inequality, 
called shift Harnack inequality, and derive Driver's integration by part formula, see pE]. The main 
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1 Introduction 
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idea is that construct two processes which start from the same point and at the expected time 
T they separate at a fixed vector almost surely, then use the Girsanov theorem. In [11] there, 
for the case of semilinear SPDE, two problems remains, the first is that how to establish shift 
Harnack inequality and integration by part formula for semilinear SPDE with delay, the second is 
that whether the two processes can separate at arbitrarily vector. In this paper, we try to find the 
answer to the two problem. We construct coupling, in the spirit of [TT], but it seems hard to write 
down the explicit drift term, then we focus on the existence, with a little knowledge of control 
theory and regularity theory of semigroups, we can derive the shift Harnack and integration by 
part formula. 

In the second part of the paper, we deal with semilinear SPDE with delay and generalized 
to non-Lipschitz case. In the third part, we establish shift Harnack inequality and integration 
by part formula for a class of stochastic evolution equation, which covers the hyperdissipative 
Navier-Stokes/ Burgers equation. 



*Supported by NSFC(11131003), SRFDP, 985-Project. 
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Before our main results, we need some preparation. For any T > 0, assume that U, H are 
Hilbert spaces, B £ Jf(U,H), and —A generates an analytic semigroup, define two operators as 
follow, which are well know in control theory, 

(1.1) Lr : L 2 ([0,T\,U) ^ H, L T f= f e^ T ^ A Bf(t)dt, 

Jo 

(1.2) R T : H -»■ H, R T h= [ e- tA BB*e- tA *hdt, 

Jo 

and let 

1 f°° 

(1.3) DJ-,2) — {x e H \ \\x\\ 2 i := / ||Ae -M a;|| 3 dt < oo}. 

2 2 Jo 

The following proposition are well know in semigroup theory and control theory, see Theorem 
3.1 in page 143 in P and Appendix B in [3] for details, 

Proposition 1.1. (1) Assume that —A generate an analytic semigroup, then for each T > 0, the 
map 

(1.4) u^(u' + Au,u(0)) : W^([0,T],H)f]L 2 ([0,T],^(A)) -> L 2 ([0,T],H) x D x (~, 2), 
is an isomorphism, and 

(1.5) W 1 ' 2 ^, T],H)f] L 2 ([0, T\,9{A)) c C([0, T], 2)). 
For i/ie £u>o operator L and R, if B~ l £ ^(H, U), then 

(1.6) Im(L T ) = /m(4) = ^a(^,2), 

T 



;i.7) ll^xH = min{/ \\f(s)\\ 2 u ds\L T f = x}. 

Jo 



The following lemma ensure the existence of drift term we want, we give proof here just for 
readers' convenient. 



Lemma 1.2. For any T > 0, and x £ _D X (1,2) ; there exists f £ L 2 ([0,T],£7) so that 

(1.8) £r/ = s, imiW]^)= m Mril/(s)||^ I ^t/ = ^} 

Jo 

Proof. Since {/ £ L 2 ([0, T], [/) | L^/ = x} is closed and convex set, it's also closed in weak 
topology. Let {/„} be a sequence so that 

(1.9) lim ||/ n || = inf { I* \\f(s)\\lrds \ L T f = x}, 

rwoo J Q 

then there exists a subsequence, we denote {/„} again, and / £ L 2 ([0,T], U), so that 

(1.10) w- lim f n = fe{f\Lrf = x}, 

n— >oo 

then liminf^oo \\f n \\ > ||/||, by (jl.9p . we have prove this lemma. 

□ 

The following lemma helps us to get the precise time behavior. 



Lemma 1.3. There exists C\ > which independent of T, so that 

(1.11) ii^^ir < ^-iNii 

T 2 

1 

Proof. It's clear that is injective and surjective from H to Da{\, 2), and is continuous operator 
_i 

on H, then R T 2 is continuous from £)^(^,2) to if. Obviously || • ||i is independent of T, if we 

_ i 

denote Ct = \ \Rr 2 ll^n a ,i m, and note that 



• 2 ' 

(1.12) R T = f e- tA BB*e~ tA * dt = T f e~ t( - T ^ BB*e^ TA ^ dt. 

Jo Jo 



then ||i? T 2 a;|| 2 < ^||a;|| 2 i. 



□ 



Remark 1.4. After the first version was submit, it's kind of Dr. Ouyang to email to mention his 
works and we find that some control theory had been used in |H, [7[ t° 9 e t ^ e Harnack inequality. 

2 Semilinear SPDE with Delay 

H is Hilbert space with norm || • ||, ^ — C([—t, 0], H), consider the following equation 
(2.1) dx(t) = -Ax(t)dt + F(x t )dt + a(t)dW(t), 

satisfies the following conditions 

(HI) —A generates analytic semigroup with negative type and there exists a G (0, |) so that 
J T t-^\\e-^ HS dt < oo, 

(H2) F : — y H is Lipschitz with Lipschitz constant L, 

(H3) a : [0, T] J£{H) measurable and bounded, and there is M > 0, such that | |cr(-) _1 | |oo < M. 

Denote the solution of the equation with initial value £ by x(i, £), related segment process £t(£), 
and Pt/(C) = E/(xt(0)- Now, we state our result 

Theorem 2.1. Assume that (L^j to (BJfy hold. Let 77 G W^Q-t, 0], ff) f) L 2 ([-r, 0], 0(A)), 
0G L 2 ([0,T-r],/f) so that 

(2-2) L T „ T = v (-t), M\ L z({o,T-r],H) = \\R^l T v(-r)\l 

and 

(2.3) m=v(t-T)+A V (t-r), te[T-r,T], 



denote 

(2.4) r(t) 



V(t-T), t > T — t, 

Jl e-^ A (f)(s)ds, t <T — t, 



then there exists C\ > so that for any £ G , f G 



(2.5) 



+r(lk-r)|||vMlL 



2 + L 2 (T-t)\. . 2 1 
2(T-r) '^"1 + ^ 



T 



Moreover, if we assume that F : H is Frechet derivable and ||V-F(-)||oo < L < oo in addition, 
then for f G C^Sf), 

(^rV,/)(0 

(2 ' 6) = -e{/(x t (£)) jfV(*) _1 [0(t)l [o ,T^)(t) +^(t)l[T-r,T]W - V rt F(x t (C))] ,dW(t))j . 



Proof of Theorem \2.1\ By Proposition 11.11 and Lemma [1.21 for the case that B = I and U = H, 
and ^ are well defined. We construct another process as follow 

dy(t) = -Ay(t)dt + F(x t (0)dt + a(t)dW(t) + e(0(t)l [OiT _ r) (t)dt + ^(t)l [r _ r , T] (t))dt, 

yo = f, 

then 

(2.7) j/(*)=x(*)+e /V^^l^T-r^ds + e f e-^ A ^(s)l [T _ TtTl (s)ds. 

JO ■/ 

For t > T - r, 



(2.8) 



-C-^0( S )l [o ,T-r)(s)ds = e -(*- r +-)^ / e^ T - T -^ A ^s)ds 



T-T 



-(t~T+r)A 



r}(-r). 



Since n G VF 1 ' 2 ( [-r, 0] , if ) f| L 2 ( [-r, 0] , @(A) ) , and 
(2.9) ij(t) = rf(t -T) + A V (t — T), t > T - r, 

that means r](- — T) is the solution of the following equation 

dr/(t - T) 



(2.10) 



df 



-Ar](t-T)+iP(t),t >T-r, 



with initial value T)(—t) at T — r, or in the integration form 

(2.11) ij(t - T) = e- {t - T+T) n(-r) + [ e~^ t ~ s " >A ifj(s)ds, t > T — t, 



thus, for t > T — r 
(2.12) 



y (t) =x{t) + ee- {t - T+T)A r](-r) + e( V (t - T) - e^-^^-r)) 
=x(t) + er)(t-T), 



y T = x T + €77, 



that means 
(2.13) 

therefore, for all t G [0,T], 

(2.14) y(i) - x{t) = eT{t), y t - x t = eT t . 

Let 

dW(t) = dW(t) + ea{t)~ l (</>(t)l [0 , T _ r) (£) + ^(t)l [T _ T , T] (t)) dt + a{ty\F{x t ) 



--: dW(t) + fr(t)d*, 



(2.15) 
and 

(2.16) R T = exp 

then we can rewrite the equation of y as 



F(y t ))dt 



(h(t),dW(t))-- / \\h(t)\fdt 



(2.17) 



dy(t) = -Ay{t)dt + F(y t )dt + a(t)dW(t), y = £. 



By (HID to (H3D, as in [TT], and note that 

r-T 



\TA\tdt < 



(2.18) 



q T T (/ <ll0(S)l|dS ) dt + f 

T—t pT—r 
I t / ||0(s)|| 2 dsdt + T 

JO 

2 



TA\ 2 dt 



\ T T \\m\?** 





< WRtIv(-t) \\ 2 + r\ (T - r) | \B^l rV (- 



V ||?7| 



we can prove that {VF(f)}t G [o i T] is Brownian Motion and get the shift Harnack inequality 

(p T f(or <pt.f(- + vWimr^y- 1 

rT 



<P T fP(. + v )(Z)exp 
<P T .f(. + ?/)(£) exp 



[2(p-i; 



HM*)lrd* 



(2.19) 



P ~ 1 L 2 JT-t 



(T-r)!!^!^- 



-r 



<P T f>(. + ??)(£) exp 



pM 2 d 
p — 1 



2 + L 2 (T-r) 2 .. . 2 1 
2(r-r) "^"l + fr, 



+r ^(-r)||| V Mk 

in the last inequality, we have used that (12. 2p . Further more since F has bounded Frechet derivatie, 

d r T 



(2.20) 



de' 



=o / {a{t)-\F{x t ) - F(x t + eT t )), dW(t)) 
Jo 



hold in L 1 (P). Therefore 
d 

(2.21) 



de 



\ 6= qR^P 



T (a(ty 1 [0(t)l [o , T _ T) (t) +V(t)l[T-r,n(t)] ,dw(t)> 



Jo 



then 



(2.22) 



(PtVJXO 



E /WO) / [0(*)l[O,T-r)(*)+V'(*)l[T-r,T](t) - Vr t F(x t (0)] ,dW(t)> 



□ 

When A is self adjoint, we have 

Corollary 2.2. When A is self adjoint operator and A > Ao > 0, under the assumption in 
Theorem \2.1[ we have the shift Harnack inequality holds with C\ replaced by - — - 



-2{T-t)\q 



III 



M) 



and \\x\ 



\Azx\ 



Proof. In this situation, 
(2.23) R 
and D A {\,2) = @{Ah), then 



T-T 



e~ 2tA dt 



A' 



(2.24) \\R T l rV (- T )\\ = V2\\(I- e- 2 ( T - r ) A )-^^(-r)|| < 



1 _ e -2(T-r)X 



A^t](—t) 



□ 



Corollary 2.3. Assume that (tU\), (WJ\) hold and there is an increasing continuous function 
7 : [0, oo) —> [0, oo) such that 

(2.25) \\F(x) - F(y)\\ < j(\\x - ylU, Wx,y e V, 

and equation \2. 1\) has pathwise unique mild solution, then for any p > 1, f G 3§^(H), 

(2.26) 

(P T fr<P T f p (e + -) 

M 2 p fd 



exp 



V 



\ \^\H-t)\\\ + Tf (ll^U V (>/Ci||»/(-r)||i)) + jf 



! dt 



Proof. We use the notation in Theorem 12. II In this case, the shift Harnack inequality follows from 
the following estimate 



2M 2 



||fc(t)|| 2 di< 



T-T 



\\m\ 2 dt 



T-T 



dt+ / 7 2 (IN|)dt 



(2.27) 



■9l 

: rp 

.Ci 



<fH-r)\\i+ I i 2 [ I ||0( s )||d s v|H| oo )d^ 



T 



T-T 



<^lk-r)H| + T 7 2 (|HU V (V^IW-r)||x)) + 



T 
T-r 



2 dt 
2 dt. 



□ 
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Remark 2.4. For the existence and uniqueness of stochastic evolution equations and stochastic 
functional partial differential equations with non-Lip schitz coefficients and nontrivial example, one 
can see JH and references there in. 

3 Stochastic evolution equation with non-Lipschitz coeffi- 
cients 

Here we consider the following equation 

(3.1) dx(t) = -Ax(t)dt + B(x{t))dt + QdW(t), 
We shall use the notation following. 

(3.2) {v , || • Ik) = {?{aI), ||.||o = ||g- 1 -|| l 

the coefficients of the equation may satisfy that 

(Al) A is positive self adjoint operator with A > A > 0, Q G J?hs(H) is non-degenerated, 

(A2) B is hemicontinuous, i.e. the map s — > (B(vi + si^), v) is continuous on R, and there exists 
7 G [0, 2), a G [0, 1] such that 

(3.3) (B(u) - B(v),u-v) < (p(v) + K^Wu - v\\l\\u - v\\ 2 -^ 

(3.4) (B(u-v),v) < K 2 \\v\\ Va \\u - vWlWu - vW 2 -'* 

where p : V — > M + is measurable, locally bounded function, p(0) = 0, 
(A3) There exists 6 G (0, 1] and K 3 > such that 

(3.5) IMi^z^NI^, 

(A4) There exists a constant K± > such that 

(3.6) \\B(u) - B(v)\\ 2 Q < {3(u - v)(l + \\v\\ v + \\u\\ v ) 2 , 
where {3 : V — > M + is locally bounded measurable function. 

(A5) B is Frechet differentiable from V to Q(H), such that 

(3.7) ||VB(v)||g<Jir4(l + |M|v), 

here we endow Q(H) with the norm || ■ ||q such that it becomes a Banach space, 
(A6) There is K 5 G M and S G (0, 2), such that 

(3.8) (B(w),w) < K s (l + \\w\\ s ), \/w G V. 
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Remark 3.1. (1) By ( fff.^j ), we have 

(3.9) {B(w),v) = {B(w + v-v),v) <K 2 \\v\\ Va \\w\\l\\w\\ 2 ^, Vv,w£V, 
thus 

(3.10) II^WIIv* < C\\w\\ 1 v \\w\\ 2 -' t 1 \/w G V, 
and from k3. 3\) , 

(3.11) (B(w),w) < 115(0)11 ■ |M| + KiWwWlWwW 2 -^, VweV. 

Therefore, by JP^ and directly calculus we can prove that under the conditions (AJ\) and (j$M), 
equation ( tff. 1\) has uniqueness strong solution. 

(2) It's easy to see that (J%3\) implies that holds in the following form 

(3.12) \\B(u) - B(v)\\ Q < 2K 4 \\u - v\\ v (l + ||n|| y + \\v\\ v ). 

(3) Though it's easy to see that Navier-Stokes operator satisfies (JW\), but unfortunately, it does 
not satisfies (fify to (M). 

Theorem 3.2. Assume that (AU\) to (A\^ hold and e G $i(A~^~), then there is (ft, satisfying that 

— IT—e\ A i r \ , 

is = e, 



(3.13) 0GL 2 ([O,T],V^), f e-( T -^( S )d; 

Jo 

(3.14) ril^)ll^d S = min{/ T ||/( S )||^d S | f e~^ A A^ f(s)ds = e }, 
Jo Jo Jo 

such that the shift log-Harnack inequality hold 

(3.15) Prlog/(x) < log P T /(x) + * 2 (T,e) 
here 

(3.16) M/ 2 (T,e) = ^P^e|| 2 + 3( sup 0(v) ) \^—^—T e \\A 1 ^'e\\ 2 + 4\1> 1 (T, e) 4 



T 

where 



\\v\\<b 



(3.17) *:=V^HI^| 
*i(T,e) 

(3.18) = C(7,^i,i^ 2 ,i?(O),||x||,0) (^T+ +T 1+0 )||A^e|| 2 + T i ^^||^e||^^) 

exp C(-y,K u K 2 ,0) [T + T 2 ~^=T \\A~ e| |^ J . 
If we assume that (AE) to and (J^Bi) hold, then the integration by part formula holds 

(3.19) PrVJ(x) = Ef(x(T)) AcT 1 ^) + V m B(x(t))), dW(t)), WfeCl(H), 

Jo 

where 

(3.20) T{t)= f e- {t ~ s)A <P{s)ds. 
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Proof. The existence of <p. Consider the operator Lg from L 2 ([0,T], @(A%)) to H: 

(3.21) Lgh= f e- (T - s)A Ah(s)ds, 

Jo 

since A~i : H — > S>{A^) is isometric, 

(3.22) U ■ L 2 ([0,T],@(A%)) -> @{A^) 

is surjective, by proposition 11.11 Since A^e G 3>{Az), let cf) be one of the element such that 
Lg(f> = A^e, then 

(3.23) [ T e-^ A <P(s)ds = A-l f e-^ A A^{s)ds = A^J&e = e, 
Jo Jo 

(3-24) £\\A^(s)\\Ms = ^ T ||^)ir^d S <^||^e||| = ^||^e|| 2 , 

and by (AEJ) 

(3.25) ^ ||g-V(«)|| 2 da < K 3 T 0( S )|| 2 d S < ^i||^x|| 2 . 
We construct another process 

(3.26) dy(t) = -Ay(t)dt + B(x(t))dt + QdVT(t) + 0(t)dt, 
then y(t) = x(t) + T(t), in particular, y(T) = x(T) + e. Let 

(3.27) dW(t) = dW(t) + Q-V(t)dt + Q _1 (5(x(t)) - £(x(t) - T(t)))dt, 



and 



(3.28) 



i?i = exp 



t 



1 ^ 



(g- 1 (0( S ) + - B(x(s) - T(s))), dW(s)} 

WQ-'i^s) + B(x(s)) - B(x(s) - r(s)))|| 2 dJ , 



we can rewrite y as 

(3.29) dy(t) = -Ay(t)dt + B(y(t))dt + QdW{t). 

Next we shall prove that {W{t)} t &\o,T} is i?rIP-Brownian Motion, then y is a weak solution of 
equation ( 13. ip . and since equation (13. ip has pathwise unique solution, y and x has the same law 
under the probability measures respectively, therefore 

(3.30) Ef(a;(T)) = P T f{x) = ER T f(y{T)) = ER T f(x(T) + e), 



then the argument in [TT] can be applied. To this end, we shall adapt the argument in JTOJ [TTj . to 
estimate Ei? t logf? t . Since 

\\T(t)\\ 2 v = \\A* f e-^ A <P(s)ds\\ 2 = || f A^e-^ A A^(s)ds\\ 2 
Jo Jo 

(3.31) < Q\t- s )-^||Af<^s)||ds) < J\t-s)-^ds- j\\Al(f){s)\\ 2 ds 



< — / ||A20(s)|| 2 ds < — — \\A~ e|| 2 , 
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we have 



(3.32) sup ||r(t)|| v < J^^\\A^e\\ = 6, sup /3(T(t)) < sup /3(v). 

te[o,T] V V t£[0,T] \M<b 

Let 

(3.33) T n = inf{t G [0, T] \ f \\x(s)\\ 2 v ds + \\x(t)\\ 2 > n} 

Jo 

then, by @32), 

||g- 1 (B(x(0) - - T(t)))|| 2 < /3(r(t))(l + ||x(*)||y + ||s(t) - T(t)\\ v ) 2 

( 3 - 34 ) <3(sup /3( W ))(l + 3||x(t)|| 2 v , + 2||r(t)|| 2 y ) 

M|<b 

and Girsanov theorem, for s <T, {W(t)} t < sATn is Brownian Motion under the probability R sATn F. 
Rewrite the equation of x, we have 

dx(t) = -Ax(t)dt + B(x(t))dt + QdW{t) 

(3.35) = -Ax(t)dt + B(x(t))dt + QdW{t) - 4>{t)dt - (B(x(t)) - B(x(t) - T(t)))dt 
= -Ax{t)dt + B(x(t) - T(t))dt + QdW{t) - <j)(t)dt, t<sA r n , 

by It'6 formula by (AT5]), and as what we do to equation (13.351) . we rewrite it in the form of W, 
then get that, for any t < s A r n , 

d| \x{t) 1 1 2 + 2\\x(t) \\ 2 v dt- WQWssdt + 2(0(t) , x{t))dt 
= 2(B(x(t) - T(t)),x(t)}dt + 2(QdW(t),x(t)} 

(3.36) = 2(B(x(t) - T(t)),x(t) - T(t))dt + 2(B(x(t) - T(t)), T(t)}dt + 2{QdW(t),x(t)) 
< (2115(0)11 ■ \\x(t) - T(t)\\ + 2K 1 \\x(t) - T(t)\\l\\x(t) - r(f)|| 2 ^) dt 

+ 2K 2 \\T(t) \\ Va \\x(t) - T(t) | \l\\x(t) - T(t) || 2 " 7 dt + 2{QdW(t),x(t)) 

then, by B-D-G inequality and Holder inequality, we have 

-tAT n 



r€[0, 

<(C + I \B(0) 1 1 2 + | \x\ \)t + 2ER sATn sup 

re[0,tAr„] 



|x(r)|| 2 / dr 



Ei? sAr „ sup ||x(r)|| 2 + Ei2 8ATB / 

re[0iAr„] JO 

(QdW(u),x(u)} 

+ r||0(r)|| 2 dr + c(7,^ 1; ^ 2 ) ri|r(t)|| 2 (i + ||r(*)||^)dt 

Jo Jo 



(ftAT n rtATn 2 \ 

J \\x(r)\\ 2 dr + J ||x(r)|| 2 ||r(r)||-MrJ 

<(C , + IIQHL+l|B(0)|| 2 + ||x||)t+ f\W)\\ 2 dr 

Jo 

+c( % k 1 ,k 2 ) [ T \\T(t)\\ui + \\nt)\\t) dt 

Jo 

(rtAT„ rtAT„ 2 \ 

J ||x(r)|| 2 dr + J ||x(r)|| 2 ||r(r)||^drj 
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here C is an absolute constant come from Holder inequality and B-D-G inequality, and C(j, K\, K2) 
is constant related to 7, K\, K2 and may change from line to line. In order to use the Gronwall's 
lemma, we need more calculate. Note that for the last term, we have 



tAT n 2 

2||TV„,M|2=7. 



C( 7 ,Ki,^ 2 )E J R sArn / ||x(r)|n|r(r)||^dr 
Jo 

KC^K^K^l / ||r(r)||^dr ER sAr J / ||x(r)|| 4 dr 



\J0 / \JQ 

(3.38) t 1 / v tArn 1 
<C{n,K x ,K 2 )( [ ||r(r)||^drVE# sATn ( sup \\x(r)\\) ( [ " ||x(r)|| 2 dr X 

\J0 / \re[0,tAr„] J \J 

<-Ei? sAT „ sup ||x(r)|| 2 + l7 ' 11 2j / ||r(r)||^dr )ER sATn / ||x(r)|| 2 dr 

Z rG[0,tAr„] * \J J JO 

In order to get the small time behavior and clear relation with e, we shall calculate the integration 
term relate to T, by Young inequality 

||r(r)||^dr < J (J\r - s)-^\\Afy(s)\\te\ ^ dr 

< ^j\\A^{r)\\ 2 dry~ J ^s-^ds^ 2 " 7 

(3.39) /4 - 7 - 2a + 20 \ ^ 4-7-2^+29 / /•* e \ ^ 

< ( J * 2 - (J ||^0(r)|| 2 dr 

4 — i- 

i 2(n-fl) 1+9 4 
I I /I — s— -I I 2 — , 



2-7 



= d(7, 5)^-^11 At e 
in particular, for a = 1 and 7 = 0, we have 



(3.40) \\m\\ldr < T s \\A^e 



and then 



l|r(r)||^||r(r)||^dr< / ||r(r)||*dr ||r(r)||£"dr 







2 / r 1 4 \ 2 



(3.41) ^ /l + 2g\l/ 2(a-g) \^ I ^^ || ^ c| ,3 !g ^ 



2- 7 



9(3-7)-ct l+fl 2(3-7) 

C 2 ( 7 , 0)T^^T" 1 1 A 2 e| I -S=r . 



at last 



l+fl 
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Therefore 

-tATn 



\x(r)\\ydr 



f 

ER sATn sup \\x(r)\\ 2 + ER sATn / 

rG[0,tAr„] Jo 

(3.43) <C7( T , .RTx, 1^, .3(0), 1 1*1 1 , <?) + + r 1 "^) | |>4^e| | a + T 5 ^^ | |^^e| | 

+ C( 7 , ^i,^2, 0) (l + T 1 -— 1 1 A— e\ J Ei2, ATB f jf | |x(r) | | 2 dr J 
we can use the Gronwall's inequality and get that 

rtAr n 

(3.44) Ei? sATn sup ||x(r)|| 2 + Ei2 flAT / ||x(r)||^dr < *i(T, e). 

re[0,MT„] JO 

By these estimate and (AH]), we have 
(3.45) 

J rsAr n 

ER sATn log R S f\T n = -ER sATn J ||Q~W) + 5(x(t)) - - T(t)))|| 2 dt 

fT rsAr n 

< / Mt)\\ 2 vM + 3(sup P(v))ER sATn / (l + 4||s(t)||»+||r(i)||*)dt 

JO |M|<6 JO 

<tt 2 (T,e), 

therefore, as in [TTj . we can prove that {W(*)}t6[o,T] is B.M. and 
(3.46) Ei? r log i?r < ^2 (T, e) . 

By this estimate and Young's inequality, we have the shift log-Harnack inequality, 

P T log f(x) =E Q log f(y T ) = ER T log f(x T + e) 
<ER T log R T + log Ef(x T + e) 

1 ' j =E J R T logi2 T + log P T /(e + •)(*) 

<logP T /(e+-)(z) + *2(T, e). 

Replacing e by ee, (f) by e</> and T by eT, just as in the case e = 1 above, and by Lemma [3.3^ 
have 

(3.48) A| £=0 i^ = ^ (Q- l {<f>{t) + V m B{x{t)),dW{t)}, 

holds in L^P), then 



(3.49) P T V e f(x)=Ef(x(T)) [ (Q-\<f>(t) + V m B(x(t))),dW(t)), feCl(H). 

Jo 

We adapted the argument in [5] to prove that 
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Lemma 3.3. Under conditions (AJty to (J^fy and then { fl - 1 } e g(o,i) uniformly integrable 

w.r.tF, consequently 



(3.50) 

holds in L 1 

Proof. Denote 

(3.51) 
(3.52) 

Since 



d | IT 
de 



(Q- 1 ^) + V m B(x(t)),dW(t)), 



e\(s) = Q-\e<f){s) + B{x(s))-B(x(s)-er{s))) 
Q 2 (s) = Q~ 1 ( ( j ) (s) + V ns )B(x(s)-er(s)). 

E [ sup \\V m B(x(r) - eT(r))\\ 2 Q dr 

JO e6[0,l) 



(3.53) 



T 



<e / ||r( s )|^(|K s )||^ + ||r( s )||^)d s 



< sup \\t( s )\\ 2 v e 

se[o,T] 



T 



\x(s)\\ v ds 



T 



||r( s )|| 4 y ds<oo, 



we have, for any e G [0, 1), 

(3.54) = _ Rt J\e e 2 (s), dW(s)) - tf T j\®\{s), e|(s))ds, a.s., 



and then 



(3.55) 



Note that 



\R^-1\ 



< 



Rt( / (& r 2 (s),dW(s)) + (e r 1 (s),e r 2 (s))ds)dr 



R r T / (Q r 2 (s),dW(s))dr 





1 




+ 




F r t f 






Jo Jo 



pjr / (ei(s),e r 2 (s))ds 

Jo 



(3.56) 



<- 



T 



*t / r[U{s)\\ Q + \\Y{s)\\ v {\ns)\\v + Ms)\\ v )Ydr 
o Jo 



< / R 



T 



T 



[||^)llQ + l|r( S )||y(||r(,)|| y +||x( S )|| y )] 2 dr 



and just as in the case of e = 1, we can prove that 



E / R r T 



(3.57) 



[Il^)lb + l|r( s )lk(||r( s )|| v + ||x( s )|| y )] 2 dr 

< [ \m\\ 2 Q ds+ [ \\T(s)\\t,ds+ sup ||r( S )|| 2 y f ER r T ( 
Jo Jo se[o,T] Jo Jo 

< [ T Ms)\\ 2 Q ds+ [ T \\T(s)\\* v ds + sup \\T(s)\\ 2 v [\ l (T,e)d 

Jo Jo s£\0,T] Jo 



x(s)|| 2 /dsdr 



r < oo, 
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now what remains is to prove that the family 



(3.58) 



T 



R r T / (& 2 (s),dW(s))dr 



ee(o,i) 



is uniformly integrable. Instead of this, we prove that for 

«Tf\T n 

(e r 2 (s),dw( s )) 



R 



TAr n 



(3.59) {£ n , e } := 

Just as in [5], we can prove 



(3.60) E£„, e log5(e + £ n , e )<- I ¥.\c + R r ThTn \ogR r TATn + R r ThTn 



dr 



ee(0,l),n>l 



TAT n 2 

(Q r 2 (s),dW(s)) 



dr, 



and 
(3.61) 



ER TAr n 



TAr n 



(e r 2 (s),dw( s )) 



TAt„ 



\\Q r 2 (t)\\Q<it<29 2 (T,e) 



by Fatou's lemma, E£ e log 2 (e + £ e ) < oo, i.e. {£ e } is uniformly integrable w.r.t P and therefore 
^}ee(o,i) i s uniformly integrable w.r.t P. Since 



(3.62) 



lim^— - 



e->0+ € 

then we prove the lemma. 



(Q- 1 ^) + V m B(x(t)),dW(t)), 



□ 



Corollary 3.4. Assume that (AHty to (A\3\) and (A\$ hold, further more (A\^> or (A\4ty hold in the 
following form 



(3.63) 
let 

(3.64) 



\\B(u) - B(v)\\ Q < K 5 \\u - v\\(l + \\u\\ v + \\v\\ v ), 

X O 



lUKidTe-mA^e^WQW 2 



then for r £ (0, 5 e ) and p > ^^ Se+ ^ ^ &e+ ' , 
(3.65) 

(P T f(x)) p <P T f p (re+-)(x)exp 

p(p + l)r 2 ||yl i 2~e|| 2 



Ao(p-l) 
8IIQH 2 



|a;|| 2 +(2iv 5 +||g||^ + 



Kl~ 5 8^)T 



p — 1 



3AT 4 (1 + 0) 2 T e + 4dK 3 2K 4 (1 + 2#) 3 i 



||A^e||V 



4T 



9T 1 - 



2# 



If strengthen (A\^) to be 

(3.66) ||fl(u)-fl(v)||Q<0(«-7;), 
i/ien, /or any p > 1, the following shift Harnack inequality holds 



(3.67) 



(P T fT<P T f p (e+-)exp 



P ' Cl -U^e\\ 2 



p — 1 T 
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Proof. By Remark 13.11 we assume (13. 63ft holds. By It'o's formula and Holder inequality, we can 
prove that 

-T 

\\x(t)\\ 2 ydt 



(3.68) 



Eexp 
< exp 



An 



^IIQII 2 

Aq 



\x\\ 2 + [ 2K 5 + \\Q\\ 2 HS 



2-6 2 



then r G (0, S e ), just replacing e by re in Theorem 13.21 for and p > ^ we can p roV e 

that 

(3.69) 



(E/^f^exp 



p(p+l) 



< Eexp 



p — 1 



T 



T 



k 3 \\<p(t)\\ Ve dt + 6K 4 \\r(t)\\ v dt + 3K A \\r(t)\\ 2 v dt 



T 



< Eexp 



(p-1) 2 



r(t)|^||x(0ll 2 v dt 



6{p- l) 2 
by the definition of 5 e , we have 



A 2 rel 



|x(t)||^dt 



2 



(3.70) 

then 
(3.71) 



l8K±p{p+ l^T 9 - 1 .. i 



0(p- l) 2 



A 2 re < 



r 2 A r 



< 



Ao 



5 e 8||Q|| 2 - 8||Q|| 2 ' 



(EBJf 1 ) p - 1 ex.p 



T 



< 



exp 



Ao(p-l) 
8IIQH 2 



P(P+ 1) 
p — 1 

|a;|| 2 +(2K 5 +||Q|| 



k 3 \\4>(t)\\ 2 vAt + GK 4 ||r(t)|| 4 y dt + 3K 4 / ||r(t)||^dt 



T 



2 



2-5 2 



— Kt s 6*=*)T 



Combine this with (13. 39 p . (I3.24p and (I3.40p . we prove the first inequality. The second inequality 
is similar to corollary 12.31 

□ 

Corollary 3.5. For hyperdisspative stochastic Navier- Stokes /Burgers equation in fWj . the inte- 
gration by part formula holds. 

Proof. We just have to verify the conditions (AH]) to (A|6j). (A[3]) is the (AO) there, and by the 
bilinear, it's Frechet different iable form V to Q(H), and by (A3) in [T3] . 

(3.72) \\V u B(v)\\ Q = \\B(u,v) + B(v,u)\\ Q < C\\u\\ Vg \\v\\v e < C\\u\\ v \\v\\ v , 

then (AED holds. By (A3) in [13], 



(3.73) 



\B(u) - B(v)\\ Q =\\B(u -v + v)- B(v)\\ q 

=\\B(u — v) + B(u — v,v) + B(v, u — v)\\q 

<\ \B{u - v) | \ Q + | \B{u - v, v) | \ Q + | \B(v, u - v) \ \ Q 

<C (\\u-v\\ Vg + 2\\u - v\\v B \\v\\ Ve ) 

<C\\U — v\\y(\\u\\y+ \\v\\ V ) , 
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then (AH holds with /?(■) = C|| • \\ v and K 4 = 0. By (A2) in [13], and 

(B(u) - B(v),u - v) = (B(u -v + v)- B(v),u - v) 

= (B(u — v ,v) + B(v, u — v ) + B{u — v), u — v) 
(3.74) = {B(v, u — v), u — v) + (B(u — v, v ), u — v) 

< C{\\v\ \ ■ \ \u — v\\v\\u — v\ \ + \ \u — v || ■ ||w||v||it — v\\) 
— C\\ v \\v\\ u — v \\v\\ u — v \\- 

(13. 4p and (13.31) holds for 7 = 1, p = || • ||y, the hemicontinuous follow from bilinear. Therefore, we 
prove the corollary. 

□ 

For applications of shift Harnack inequality and integration by part formula, one can see [TTj . 
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